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Thermal radiation heat transport within prolate and oblate ellipsoidal cavities was
examined. The axisymmetric anisotropy of the cavity shape gives rise to a thermal radia-
tion conductivity tensor with principal axes components parallel (A, | ) and perpendicu-
lar (A, | ) to the symmerry axis. The prolate (A, | ) and oblate (A, , ) transverse com-
ponents are calculated and compared with well-known results from the kinetic theory of
transport across cylindrical and within slit void geometries. The use of A, | and A, |,
along with earlier results for A, | and A, , in well-known effective conductivity equa-
tions for spheroidal inclusions within a solid matrix, provides a means to rigorously treat
cavity orientation and shape in high-temperature heat transport across porous materials.
To facilitate the calculations and produce readily usable equations, a variational princi-

ple is used.

introduction

Examples of engineering applications where void radiation
transport plays a significant role include void transport in
porous high-temperature fire brick (Ganguley and Hassel-
man, 1976), cavity heat transfer across ceramic nuclear fuel
elements (Marino 1969, 1971; Takahashi and Kikuchi, 1980),
the passage of exothermic reaction heat through porous reac-
tants and products during the combustion synthesis of ceram-
ics (Varma et al., 1990), and pore-space heat transfer in low-
pressure cryogenic insulation (Kaganer, 1969). The engineer-
ing property needed for thermal calculations is A,, the het-
erogeneous material’s effective thermal conductivity. In prac-
tice, A, is usually estimated from the solid conductivity A,
and a suitably averaged, model void radiation conductivity A,.
Other void transport mechanisms can also be included in A,
(Argo and Smith, 1953; Smith, 1970) and are normally repre-
sented by diffusive-type coefficients, such as the heat-transfer
convection coefficient. Note that the A, form will depend on
the void shape and can become a tensor for an anisotropic
cavity.

Expressions for A, are always useful for heat-transfer cal-
culations. In a review paper, Vortmeyer (1980) presented a
table of empirical and derived radiation conductivities for
heterogeneous systems, including both cavity and dispersed
solid cases. Vortmeyer’s cavity-A, —type equations were based
only on the spherical pore and flux across parallel-plates pore
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models. In nuclear fuel elements, where cavity aspect ratios
can be significant, Marino (1971) attempted to treat cavity
anisotropy by using prolate and oblate spherical cavity mod-
els. For lack of an existing void radiation conductivity for these
cavity geometries, he proposed

A, (marino) = 3ea T°d,, (D

where € is the cavity surface emissivity, T is the average cav-
ity surface temperature, o is the Stephan-Boltzmann con-
stant, and d, is the longest dimension of the pore in the
direction of heat flow. As we shall soon see, Eq. 1 does not
always work well, and a need exists for straightforward meth-
ods to derive A, formulas.

In cases where the pore microstructural lengths are smail
compared to the overall dimensions of the porous material,
and the local temperature drop AT over micropore dimen-
sions is small compared to the average local temperature T,
(AT < T), a porous material effective conductivity A, can be
shown to exist (Whitaker, 1980). A rigorous variational upper
bound principle can then be constructed for A,. We consider
an optically opaque solid surrounding a cavity void volume in
which heat transfer occurs by surface radiative processes. The
cavity-solid interface is a gray body with emissivity €, and also
a cosine-law emitter and reflector (Siegel and Howell, 1992).
The transport equations are based on a Fourier solid sur-
rounding the void, but the radiation inside the void is gov-
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erned by an interfacial flux boundary condition and an exact
nonlocal surface-to-surface integral equation with a differen-
tial view factor (Fitzgerald and Strieder, 1997a).

The corresponding two-Fourier problem, that is, a solid of
conductivity A; and an anisotropic prolate or oblate inclu-
sion with Fourier conductivities A, , parallel toand A, |, per-
pendicular to the axis of symmetry, can be exactly (Carslaw
and Jaeger, 1959). If this temperature in the surrounding solid
in terms of its fundamental unknown constants is selected as
the trial temperature T*, the trial radiosity B* can be gener-
ated by inserting the trial temperature into the interfacial flux
condition (Chiew and Glandt, 1983). Once these trial 7* and
B* are substituted into the A, variational principle (Fitzgerald
and Strieder, 1997a), cavity radiation conductivity forms can
be identified by comparing the optimized A, variational ex-
pression to the exact form of the two-phase Fourier effective
conductivity, as they are identical for either the prolate or
oblate cavities. An alternative procedure, along either princi-
pal axis direction (}i or L), is to use the point in a plot of A,
for an evacuated porous medium versus the solid conductivity
A, that the effective conductivity crosses the 45° line, and
A, = A;= A,. Both methods give the same variational upper
bound-estimate of A,.

When an ellipse (x%a™ %+ y2b~2 =1) of semimajor axis a
and semiminor axis b is rotated about the x-axis, a prolate
cavity with x-axis symmetry is generated. It is customary to
designate the shape with an eccentricity factor a =(1—
b%a~?)". In a recent article Fitzgerald and Strieder (1997a)
derived the cavity radiation conductivity A,; down along the
symmetry axis. Of particular interest is the radiation conduc-
tivity down the long needle obtained in the limit « — I,

A, (needle) =370 T3h, O<ex<l, 2)
where o is the Stephan-Boltzmann constant. To complete
the cavity radiation conductivity calculation, the conductivity
A, in the direction of the other principal axis across the
symmetry axis is calculated herein. The long needle (o — 1)
result corresponding to Eq. 2,

A, . (needle) = (9/2)me(d~¢€) 'aT3h, 0<e<l (3)

is given in terms of b, the radius of the largest circular cross-
section of the prolate cavity. The length dimension b is used
in the radiation conductivities (Eqgs. 2 and 3) because b is the
order of the average photon free path for surface-to-surface
jumps in the needle cavity. When the same ellipse (x%a~2 +
y2b~? =1) is rotated about the y-axis, an oblate cavity is con-
structed with a characteristic eccentricity 8 = (1~ b%a~ )2,
Note that, although b is the radius of the largest circular
cross-section of the prolate cavity, its role as the dimension
of the symmetry axis of the oblate cavity is quite different.
Using the variational method outlined above Fitzgerald and
Strieder (1997b) developed a general form for the radiation
conductivity X,'H across the oblate cavity in the direction of
the symmetry axis. For the special case of the thermal flux
across a thin discus in the limit 8 — 1, their cavity radiation
conductivity takes the simple form

A (discus) =6e(2—€) 'oT?h, O0<e<l. (4
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To complement this result, the void radiation conductivity
)-‘,.‘ . in the direction perpendicular to the symmetry axis has
also been derived in this paper. In the discus limit ( 8 — 1),
we will show that the A, | coefficient becomes singular ac-
cording to the expression,

A, (discus) =[=3In(1- B)oTh, O<e<l. (5

Again the results are written in terms of the fundamental
photon free path dimension b, but in the oblate cavity b re-
lates to a maximum slit width or parallel plate spacing.

Eq. 5 represents, to the best of our knowledge, the first
time the exact closed algebraic form of the conductivity di-
vergence for a long slit type geometry has appeared in the
literature. In the previous related literature of the kinetic
theory of Knudsen diffusion, Berman (1965) obtained the
logarithmic singularity in a long slit, but only as an upper
bound. While Marino’s Eq. 1 does not agree closely with any
of the more accurate A, results from Egs. 2-5, the choice of
a rather than the free path dimension b down the long nee-
dle symmetry axis is unfortunate as it leads to an incorrect
infinity in Eq. 1 for A, ;. On the other hand, for A, , per-
pendicular to the symmetry axis of the discus, the choice of
the a rather than b is only half the problem, the other prob-
lem being that the correct In(b/a) singularity of Eq. 5 is much
milder than (a/b) predicted by Eqg. 1.

In the next section, temperature and radiosity trial func-
tions are presented for arbitrary direction of the applied
thermal gradient. General A, expressions that include as-
pects of both anisotropy and orientation are obtained, and A,
general forms are identified for the principal axes of prolate
and oblate cavities. In the section on “Radiation Conductivi-
ties Perpendicular to the Symmetry Axis of Prolate and
Oblate Cavities,” explicit, readily usable equations for the ra-
diation conductivity transverse to the symmetry axes of pro-
late and oblate cavities are given. Detailed derivation forms
arc presented in an Appendix. This section is followed by a
discussion of prolate A, , and oblate )~\,‘ . Tesults and the
various limits. In the final section, several equations are pre-
sented for A, in terms of the anisotropic, spheroidal void ra-
diation conductivities.

Effective Thermal Conductivities For Prolate and
Oblate Cavities of Arbitrary Orientation

This section examines the problem of general orientation
of the prolate and oblate voids, or equivalently a thermal gra-
dient @ applied in an arbitrary direction far from the cavity.
The purpose of this section is to give generalized trial func-
tions for prolate and oblate cavities of arbitrary orientation,
to demonstrate the tensor nature of the effective conductivity
for these anisotropic cavities, to point out that principal axis
forms evolve naturally from the variational approach, and to
present new equations for temperature gradients applied
perpendicular to the symmetry axis. Once the effective con-
ductivity tensor is diagonalized, each principal axis term must
be optimized independently, and each generates a different
void radiation conductivity. For brevity, only an outline of the
derivations is given here. The optimization of each effective
conductivity diagonal element to obtain the principal axis
forms of the effective conductivity and void radiation coeffi-
cient is similar to those done in Fitzgerald and Strieder
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(1997a,b) and the reader is referred to these sources for de-
tails. This is also true for both the development of the radios-
ity trial from the temperature trial function and for their in-
sertion into the variational principle. Furthermore, the re-
sults found in this section will be used in the effective con-
ductivity and void radiation conductivity usage discussion in
the “Conclusion” section.

The prolate and oblate shapes were both generated from
the same ellipse (x%a72+ y?b~2=1) by rotation, respec-
tively, around 24 or 2b as the symmetry axis. Although the
equations in this section are stated in the prolate form, the
corresponding functions for the oblate cavity can be obtained
simply by interchanging a and b. A tilde over a symbol de-
notes the oblate geometry.

The corresponding two-phase Fourier problem of an
anisotropic prolate (or oblate) inclusion with different Fourier
conductivities A, ; parallel and A, | perpendicular to the
symmetry axis can be solved exactly (Carslaw and Jaeger,
1959). Their temperature solution exterior to the spheroidal
inclusion serves as the trial temperature for the cavity radia-
tion case

=T+0-r+PH[GH(g)/G“(O)]OH-r
+P,L[GJ.(§)/G_L(O)]0L"‘ (63)

1 x _ _
G, (§)=—ab2f du(@+w) B+ (6b)
2 ¢

and
1 % - -2
G, (&) ==ab’ [ au@+w) "B +w) T (60)
2 £

The cllipsoidal coordinate £ has a value of zero on the sur-
face of the cavity, r is a vector from from the center of the
prolate (oblate) cavity, T is an average cavity surface temper-
ature, and 8, and @ are vector components of @ parallel
and perpendicular to the symmetry axis. The functions G
and G . are listed in integral form for convenience and have
been evaluated by Marino (1971). The temperature naturally
divides into contributions in the principal axis directions with
variational parameters P, and P, . The trial radiosity B* is
also separated into components parallel and perpendicular to
the symmetry axis

B*=A+CT+Cuy[(1+ PO, r+ w,0, 7]

+Cu [A+P O, ‘r+w 0, 7] (7a)
where
A=-30T* (7b)
and
C=40T? (70)

The trial radiosity is defined only on the void—solid interface
Y, and n is the surface normal at r on L pointing into the
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cavity. The sets of variational parameters {x,, o, P} and
{mw, ,o , P, } are to be independently optlmlzed to obtain
the best effective conductivity. T* and B* are the oblate
forms obtained when a and b are interchanged in Egs. 6 and
7.

For an arbitrary orientation of @, the effective conductivity
becomes a dyadic A,, and the vector average heat flux @ is
given by

Q0=— 1,90 8

Substitution of Eq. 8 and the trial functions T*, B* of Egs.
6a-7c, respectively, into Eqs. 27 and the variation principle
Eq. 18 of Fitzgerald and Strieder (1997a) yields a variational
form for the effective conductivity, quadratic in the vector
components @, and @

B-A 0<A {p, 0. .P)0i+A {pn, 0, P8 9

The cross terms involving 8, and @ | vanish in Eq. 9 due to
the axisymmetric nature of the prolate and oblate cavities.
The same type of diagonalized quadratic form of the effec-
tive conductivity-@ scalar product is found for the corre-
sponding two-phase Fourier problem, but the mathematical
details of the derivation are different owing to the different
physical mechanisms of transport in the inclusion. For an ar-
bitrary selection of the coordinate axes, the tensor compo-
nents of A, can be obtained from the variational expression
Eq. 9 by inserting the components {6,, 6,, 6,} into both sides.

On the other hand, the selection of either of the directions

¢, or 8, for @ in Eq. 9 generates two expressions

Aoy <Ay{py, 0y, Py} (102)
and

Aot <A {p 0P} (10b)

where the A terms of either Eq. 10a or 10b can be optimized
independently. For the prolate cavity, the A form of Eq.
10a and the associated A, ; have already been developed in
Fitzgerald and Strieder (1997a) and the oblate cavities A i
and X,’ , were presented in Fitzgerald and Strieder (1997b)
for radiative conductivities parallel to their symmetry axes.
The optimization of Eq. 10b with respect t0 w, and P
produces a variational form of A, |

UG O (w0
< —
xS TG I+ G, On, (a))

e, L

where ¢ is the void fraction. If A, , (u ) is identified with
the prolate conductivity A, | perpendicular to the symmetry
axis, then Eq. 11 is the exact A, | solution form of the two-
phase Fourier problem with an anisotropic prolate inclusion.
The choice of the minimum value of A, , () for the in-
equality (Eq. 11) is equivalent to selecting the most accurate
value of the effective conductivity component A, , . Upon in-
terchange of the lengths a and b, both the variational Eq. 11
and the above discussion hold for an oblate cavity, that is,
Eq. 11 holds with tildes implying the interchange.

November 1998 Vol. 44, No. 11 2353



Radiation Conductivities Perpendicular to the
Symmetry Axis of Prolate and Oblate Cavities

The optimization of A, , () with respect to | for both
prolate and oblate cavities yields the model cavity radiation
conductivity A, |,

Aoy <h () (12)
Both the prolate and oblate voids have an optimum radiation

conductivity perpendicular to the symmetry axis of the same
general form,

Ay _ Xo, 1 o, 1 (XZ,L +/\2,L)_X(),¢)\’12.L _Xlz,L)\O.J.
Cb (X(),i+A(),L)(X2.L+/\2,L)—(X].L+)\1.L)L
(13)

but for oblate results tildes are used over all As and ys in
Eq. 13.

As was pointed out during the discussion of Egs. 1-5 in
the Introduction, it is convenient to express prolate and oblate
forms of the radiation conductivities using the photon free
path dimension b. However, in each of the cavity geometries
b is different—it is a maximum circular cross-sectional radius
in a prolate void and a maximum slit width for the oblate
cavity. In addition there is a need to have the results in real
functions in terms of the prolate af =(1-—5b%~>)?] and
oblate B[ =(1— b%a~?)"?] eccentricities, where b has a dif-
ferent meaning in each volume. Together these two condi-
tions require separate expressions for the prolate ys, As and
oblate ¥s, As. Their derivations are addressed in the Ap-
pendix, and their forms are given below.

fi

Xo. =€(1— ) ' G/OQ+aHU—aD)”

+“a’®>~1)a"? arcsin a} (14)

%o =e(-7'G3D {2687 - D21~ )
+(32+ DB [+ ) /(1- I} (15)
Xi =k . =—el—e) (16)
$o . =e(—e) 'GMa 21— a)”

+Qa?—1Da larcsina) (17)

X2, =€(1—e)7'(3/8)1- ) B2
{241+ BB ' In[(1+ B)A1- B} (18
Ao =(—€ede 'y, | a9

il

and

Yo =(1—0e'1-8Y "%, (20)

The integrals A; |, A, |, XLL, and XZ.J_ have been re-
duced to two dimensions, but cannot be done analytically.
These integrals are listed as Eq. A4 in the Appendix, and
have been evaluated numerically by a double integral New-
ton-Cotes quadrature procedure (Ralston and Rabinowitz,
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1978). As the integrals only depend on «? (or 87), their nu-
merical values can be fitted to Padé polynomial forms (Mc-
Quarrie, 1976). For the prolate cavity, the Padé representa-
tion of A, | is within 0.1% absolute accuracy

R — 1405793
L 12078182 +0.0973a*

(21

and the A, | fit for the prolate cavity coefficient is also at
least within 0.1%

1—1.03009¢2 +0.12093
24T 1132651 +0.38434a"

(22)

For the oblate cavity, the integrals XL , and ’iz. . vanish as
B2 -1, and the Padé forms go to the correct limit. However,
accuracy in the neighborhood of 8% =1 is difficult to main-
tain as the significant figures of the Padé coefficients tend to
cancel out. The Padé expression for A, |

A=

—1+2.9510658% —2.946518 B* + 1.039371 8 — 0.043918 3°
1-2.744013 87 + 2.496350 8% —0.7523178°

(23)

is accurate within 0.12% provided B* <099, and

Ay =

1-2.892672 82 +2.786536 B+ — 0.893864 3°
1—2.094234B7 +1.2702948% —0.1570778¢ — 0.017838 B ¥

(24)

is accurate within 0.1% for all B? <0.99. Similar Padé for-
mulas for A, , and A, have been calculated by Fitzgerald
(1998).

rolf

Results for A, , and A, ,

If a composite is made up of an anisotropic prolate (or
oblate) solid inclusion with Fourier conductivities A, , and
A, (or )~\,.. y and XH) parallel and perpendicular to the
symmetry axis, respectively, surrounded by an isotropic solid
of Fourier conductivity A,, analytical solutions can be ob-
tained (Carslaw and Jaeger, 1959). The prolate Eq. 11 for
A, , (or the oblate version A, | ), the effective composite
conductivity perpendicular to the symmetry axis, is exact.
However, the cavity void radiation problem A, , (u ) (or the
oblate A, , (@, )Y in Eq. 11 still depends on a variational
parameter w , (or i ), and its optimization selects A, | (or
A, , ), which is the radiation conductivity Eq. 12 that gives
the very best value of A, | (or A, ). This optimum prolate
A, , (or oblate A, | ) is expressed by Eq. 13 in terms of y; |
(or ¥, ,)and A, , (or A; | ) coefficients with i =0, 1, 2. The
X; s and x; s are given by Eqgs. 14-18 in the terms of an
emissivity factor e(1 —~ €)™ ! multiplied by an analytical func-
tion of either the appropriate prolate « or oblate 8 eccen-
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—_—
b
Ar. (40T by’ i,

Long Needle

Long Cylinder

Figure 1a. Dimensionless radiation thermal conductiv-
ity A, , (40T3b) ", transverse to the sym-
metry axis of the prolate cavity, vs. the sur-
face emissivity ¢ and squared eccentricity
a?(=1-b%a2).

A sketch of the prolate ellipsoid along with the overall heat
flux vector @ is included. The single curve on the right-

hand side is the corresponding A, (4o T3)"! for a long
cylinder of radius b.

tricity. The A, , and Xo_ , of Egs. 19-20 are also analytical
functions, respectively, of « and B. The other coefficients
can be obtained, A; , A, | in terms of & or Xl.w qu L in
terms of B3, numerically from Eqs. A4, A6a—-A7b, and their
oblate versions, all of which appear in the Appendix. These
coefficients can also be estimated to within 0.1% from the
Padé fits (Eqs. 21-24), but numerical computations of these
coefficients are required to generate any values of X,’ n
beyond B%=0.99, as will appear in the oblate cavity void
radiation conductivity discussion.

Prolate cavity, A, |

Following the procedure above along with Eq. 7c for C, we
have generated values of A, , (40 T3b)™ " for various degrees
of elongation «*(=1-b%a~?) from zero to unity and emis-
sivities € also from zero to unity. The surface of Figure la
demonstrates the overall behavior of this component of the
cavity radiation conductivity, as well as its four possible limit-
ing forms at @’ -0, a’>1, e—>1, and € > 0. Figure la
provides a prolate cavity sketch showing the direction of the
overall heat transfer Q. As the subtle changes of A, |
(40T3h)"" with «? for fixed € < 0.8 are difficult to see on
the surface plot, Figure 1b includes these curves for the full
range of emissivity values.

The trial temperature (Eq. 6) and radiosity functions (Eq.
7) are exact for the spherical cavity o — 0, and the true A, |
is known to be (Tsia and Strieder, 1985)

lim A, , (40T%h) ' = € (spherical void)  (25)

a® =
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0 A £=0,
0 0.2 04 0.6 0.8 1
(12

Figure 1b. Corresponding radiation conductivity vs. ec-
centricity for various emissivities.

The left-hand side of the dimensionless radiation conductiv-
ity surface in Figure la increases linearly from zero at e =0
up to unity at € =1. In the opposite limit «? -1 of a long
needle cavity on the right-hand side of the A, , (40 T°b)~!
surface of Figure la, Eq. 13 can be shown to vary with € as

lim A, L(4ch3b)_1 = (97/8)e(4— €)' (long needle)

2
a®— ]

26)

where Eq. 3 has been recast in a dimensionless form appro-
priate for the discussion of Figures 1a and 1b. The radiation
conductivity across the symmetry axis of a long right circular
cylinder of radius b (Tsia and Strieder, 1986)

AL (40T3h) ' =de(d— €)™ (long cylinder)  (27)

is also shown on the righthand side of Figure 1a for compari-
son. The conductivities (Eqs. 26 and 27) both have the same
emissivity dependence, but the long needle result is a factor
of 97/32 (= 0.88) smaller than the cylinder result. In the limit
a>> b, the needle conductivity (Eq. 26) can be obtained from
the cylinder results (Eq. 27). The prolate spheroid may be
represented by a stack of right circular cylinders with a com-
mon axis of symmetry and elliptically increasing, then de-
creasing local radii. Since any elemental cylinder can be a
number of radii (photon mean free paths) in length, the
cylindrical conductivity Eq. 27 can be applied with a local
radius y instead of b. The volume average of these local
cylindrical conductivities gives the long needle Eq. 26.

The black body surface limit (e — 1) is plotted on the back
edge of the A, ,(40T3p)™" surface of Figure la. The € de-
pendence of A, , is exclusively contained in x, , , x; ,, and
X, . » each with a factor e(1— €)', and in the black body
limit these terms in Eq. 13 become large to give

lim A, (40 T%6) = A, , (28)
€— 1
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The a2 dependence of Ag , from Eqgs. 17 and 19 can be
seen in Figure 1b to increase in a slow monotone fashion
from unity at a®=0up to 37/8( = 1.18) at a° = 1.

The void radiation conductivity vanishes for a perfectly re-
flecting surface (e — 0) as shown in the front edge of the
Figure la surface. Another result of the explicit emissivity
dependence of the x; s mentioned in the previous para-
graph is the ability to derive an analytical form of the slope at
total reflection from Egs. 13 and 14

d{ A, GaTh) | delemy = (3/16)[Q2+ a (1 — o)

+@a’-1Da Y arcsina]. 29)

The slope decreases with increasing «? from unity at a® =0
for the spherical cavity down to 97/32( = 0.88) for a long
needle at «?=1. As a consequence, for a small emissivity
value the long needle conductivity must be smaller than that
of the corresponding sphere. While this decrease is rather
small and difficult to see on the Figure la surface, the mod-
est monotone decrease does appear in Figure 1b for e = 0.1.
Equating the sphere (Eq. 25) and long needle (Eq. 26) con-
ductivities provides the emissivity crossover value

€=(32-97)/8 ~0.47 (30)

below which, with increasing «? from zero to one, a net con-
ductivity decrease occurs and above which a net conductivity
increase occurs. However, Figure 1b also shows that overall
changes in A, , with shape are not very significant unless
€ > 0.6.

A (40T b)!
[ 1

0 0 = F

Figure 2a. Dimensionless radiation thermal conductiv-
ity A, .,(40T3b)~", transverse to the sym-
metry axis of an oblate cavity, vs. the surface
emissivity e and squared eccentricity g%(=
1-b2a~-2),

A sketch of the oblate ellipsoid along with the overall heat
flux vector @ is included.
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Oblate cavity, )1,' n

A scheme was outlined in the beginning of the **Resuits”
section to calculate void radiation conductivities that in-
cluded oblate spheroids. In Figure 2a the dimensionless radi-
ation conductivity /‘,.‘ (40 T3b)" ! for transport transverse to
the symmetry axis of an oblate cavity is shown for various
values of the squared compression eccentricity B2[=1—
b*a~*] from 0 to 1 and for the full range of surface emissivi-
ties € from 0 to 1. An oblate cavity sketch is also shown with
the direction of the overall heat flux Q. The surface of Figure
2a provides both a general picture of the effects of compres-
sion and surface emissivity on transverse oblate cavity radia-
tion, as well as an opportunity to investigate the physical phe-
nomena at the four limits 82 -0, e > 1, 8% —1, and € — 0.
Figure 2b, which gives the A, ,(407°p)™' variation with
emissivity € for various B2, is also included, and accurately
displays the plateau, the knee, and the abrupt drop that char-
acterizes the divergence of A, , in the neighborhood of B°
- 1.

The spherical cavity limit 82— 0 is the same as the pro-
late case (Eq. 25)

lim A, (40T3b) =e (3D
B>-0

and the lefthand side of the Figure 2b surface exhibits the
linear increase from zero to unity predicted by Eq. 31. Also
similar to the prolate cavity, the Y, , divergence as e(l~-
€)' in the black body limit € — 1 from Egs. 15, 16, and 18
generates from the oblate cavity version of Eq. 13

lim A, , 4aT?h) ' =2, , (32)
€— |

The 8% dependence of A, , from Egs. 18 and 20 provides
the backside variation of the dimensionless radiation conduc-
tivity in Figure 2a. A, (40 T°h)~! for a black body begins a
slow increase from unity at 82 =0, but, suddenly, for squared
eccentricities 8° > 0.8 diverges to infinity.

Ar (40T by!
8 — - . -
3= 0.9999
Tt
6 -
0.999
5 1

= . - 0.25 -Sphere: =0
() 0.2 0.4 0.6 0.8 1

Figure 2b. Corresponding radiation conductivity vs.
emissivity for various eccentricities.
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The radiation conductivity transverse to the oblate cavity
symmetry axis becomes infinite in limit of a thin discus g2 —
I, as shown in Figure 2b. As B2 crosses 0.99 on its way 1o
unity, plateaus are seen to develop in Figure 2b. They imply
that )ﬂ\,x . becomes independent of the emissivity over the
plateau. The plateau thermal radiation conductivity values,
XO! . of Eq. 31, are given by the right-hand side black body
intercept. These plateaus do not travel all the way across Fig-
ure 2b, but end abruptly at a knee, and then X,ﬂ . drops
rapidly to zero at e =0. As 8% approaches unity the knee
appears o0 move over to the perfect reflector axis € =0, and
in the limit A, | becomes an infinitely high horizontal line in
the manner

A, (4<r_2“‘b)7l , = =03/4In(1-8%), 0<ex<l
. PN
(33)

where Eq. 5 has been recast in dimensionless form appropri-
ate for discussion of Figures 2a and 2b. In this limit 82 —>1
the trial temperature (Eq. 6) and radiosity are exact solutions
to the problem. In the discus limit, the surfaces are flat, the
surface normal component @, /6 | -9 transverse to the sym-
metry axis becomes very small, the radiosity form Eq. 7 for
B* approaches the black body radiosity, and both X(,. . and
X,_ . become emissivity-independent, that is, the plateaus of
Figure 2b. The edges become perfect insulators in the 82— 1
limit because the plate spacing goes to zero at the extreme
edges of the discus. In the kinetic theory of Knudsen diffu-
sion through long slits, Berman (1965) obtained a singularity
in the diffusivity as an upper bound. In the 82— 1 limit, the
discus can be regarded as slits in series with varying plate
spacing. To the best of our knowledge an exact form (Eq. 33)
of a long slit transport coefficient divergence is new.

The front part of the A, (40 73b)" ' surface of Figure 2a
correctly vanishes as € — (. The emissivity slope, like the
prolate cavity, can also be calculated for € — 0 from Eqgs. 13
and 15

d[f\,‘ (4o Ty 1]/de|€:0

1

=330 {262 -1 21— 8>
+@BB2+ DB W[+ B) /(- B)]} (B4

Near the limit 8 — 1, the slope (Eq. 34) exhibits the rapid
change in the transverse conductivity value from Figures 2a
and 2b, which can now be seen from the low emissivity side
as a singular slope

1

<d[x,_ (4o Tb) "]/detgo}ﬁzﬂ - (G/8)(1- B2
(35)

Although near the limit B2~ 1 an emissivity independent
A, of Eq. 33 is a natural consequence of the oblate cavity
shape, at the point € =0 there can be no radiation emitted
or absorbed by the cavity—solid interface and X,V | must van-
ish.
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Conclusions

For those complex engineering systems in which heat
transfer is coupled to mass transport, chemical reactions,
phase transitions, or internal structural changes, analytical
forms for A, and A, will be much less computationally de-
manding to use. The physical problem considered is steady-
state radiation heat transfer within prolate cavities with vary-
ing elongation and oblate voids of arbitrary compression. The
process is inherently anisotropic with prolate cavity radiation
conductivities parallel A, | or transverse A, | to the symme-
try axes with a corresponding set A, ; and A, | for the oblate
cavity. The parallel conductivities were presented earlier, A,
in Fitzgerald and Strieder (1997a) and A, , in Fitzgerald and
Strieder (1997b). As discussed later in the Appendix, the
transverse conductivities presented in this article A, |, X,ﬂ N
involve algebraically more complex integrals. It is interesting
to note that the eccentricity—emissivity surfaces of both the
pairs A, X,_L and A, |, )-\,Y ; have some similar features,
but as the first pair member relates to a cylinder geometry
and the second relates to a slit or parallel plates, quantitative
differences are significant.

Equation 9 for A, provides a rigorous ‘“‘best” estimate ef-
fective conductivity of a solid with prolate or oblate cavities
of a single orientation and at lower void fractions. A rear-
rangement of Eq. 11 yields for the perpendicular case

A (V.P) A - (A, —A) (36)
A, ¢ (A, . —A)G (0 + A,
whereas the parallel effective conductivity is
A (V.P) A =14 A = A)
A, ¢ (A, = A)A=2G, (D)) + A,
37

Values of G (0) are given by the integral in Eq. 6c and A, |
is obtained from Eqs. 13-24. The expression for A, ; has the
same form as Eq. 13 for A, | ; however, the six prolate y;
and A; functions (i =0, 1, 2) for A, ,, listed in Fitzgerald and
Strieder (1997a) and the corresponding oblate functions in
Fitzgerald and Strieder (1997b) are different. With mutually
random spheroid orientation and at low void fraction, a sim-
ple angular average of Eq. 9

1 2
A= 5)\& it g)‘e..L (38

should provide sufficient accuracy for heat-transfer calcula-
tions. Note that in the limit of the spherical inclusion, G (0}
=1/3, Egs. 36-38 reduce to the well-known Clausius-Mos-
sotti equations (Landauer, 1977). Eqs. 36-38 for the effective
conductivity are linear in the void fraction, and are referred
to in the ceramic literature as the Loeb equation. While the
Loeb equation has been used (Takahashi and Kikuchi, 1980)
for higher voidages, its use for a priori predictions of A, is
not recommended at void fractions above 10%.
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For void fractions up to 30% with spheroidal inclusions,
approximate equations are available (Landauer, 1977). Appli-
cations of the Lorentz average field theory to a two-Fourier
model with anisotropic prolate or oblate ellipsoids placed at
random, but aligned with symmetry axes parallel, has been
treated by Bragg and Pippard (1953). Their results provide an
extension of A | of Eq. 36 of the form

A, . (Lorentz) . (A, —A) (39)
AT T S R IS

and A of Eq. 37

A, (Lorentz) (A, —A)

L i P A
A (1-d)(A, , = A1 =2G (0N + A,

(40)

where Eq. 38 can again be used in practice to treat random
orientation (Marino, 1971). Equations 39 and 40 differ from
Egs. 36 and 37 only in the factor (1— ¢) in the denominator
and become identical for small ¢. Again, Egs. 36-40 hold for
the oblate cavities with tildes to indicate the a, b inter-
change.

Finally, we should give a word of caution. Marino’s (1971)
equation for the effective conductivity of a bed of spheroids
oriented at random in three dimensions is not correct.
Marino’s conductivity, derived from Fricke (1924), is in error
because the average field for a bed of spheroids with symme-
try axes aligned parallel and for aligned spheroids perpendic-
ular to the applied field were assumed to be equal. This can-
not be true. In contrast, Eqs. 36—40 are based on the same
modeling assumptions used by Fricke and Marino, but with-
out the restrictive equality between the parallel and perpen-
dicular average fields.

Notation

G | ,G | = general ellipsoidal temperature perturbation
functions transverse to the symmetry axis for the
prolate and oblate ellipsoids, defined by Eq. 6¢

_i=unit vector in the symmetry axis direction
A, s A, , =components of the effective conductivity trans-
verse to the symmetry axis of a prolate and
_ oblate cavity
A, 1, A, | =components of the radiation conductivity per-
pendicuiar to the symmetry axis of a prolate and
oblate cavity
A, = solid conductivity
@, w ,p, ,& =prolate and oblate radiosity variational parame-
ters transverse to the symmetry axis
6,6  =applied steady state temperature gradient and
its component transverse to the symmetry axis
¢ =void fraction
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Appendix

The expressions (Eqgs. 13-24) developed for A, , and A, |
have been given in the article. The purposes of this appendix
are to provide the formal definitions of the y and A func-
tions of Eq. 13 that come from the rigorous variational calcu-
lation and give at least one intermediate form in the deriva-
tions of Egs. 14-24 from the formal definitions.

The x; . functions (i=0, 1, 2) for a prolate cavity are
integrals of the surface element d”r over the cavity—solid in-
terface ¥ of the form,

-

b, = e(l—e) 34mab®) ' [ drlgrP Em],
i=0,1,2 (AD

where ¢ is a unit vector perpendicular to the prolate cavity
symmetry axis, a is the semimajor axis, b is the semiminor
axis, r is a vector from the cavity center, and 7 is a surface
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normal pointing into the cavity from point r on X. Using the
geometrical integration quantities taken from Figure 1 of
Fitzgerald and Strieder (1997a) we can recast the surface in-
tegral Eq. Al into terms involving angular ¢’ and symmetry
axis x integrations

(A2)

2\ 22\ !
x|-11-— 1— cos i’
a’ a® 4

A comparison of the two square bracketed expressions in Eq.
A2 with the corresponding terms in Eq. A4 of Fitzgerald and
Strieder (1997a) (that is, £+ r and {+m vs.i-r and i - ) shows
the x dependence of the terms in Eq. A2 above is substan-
tially more complex. Nevertheless, the x integrations can be
done exactly, and the integration of A2 for i=0, 1, 2 gives
Eqgs. 14, 16 and 17.

As already discussed in the Introduction, b is a maximum
circular cross-sectional radius for the prolate cavity, whereas
for the oblate cavity b is the symmetry axis. The fact that the
same ellipse is used to generate the prolate and oblate vol-
umes of revolution, however, can be used to obtain the oblate
version of Eq. A2. To do this, on the left-hand side of Eq. A2
change only the meaning of b, as pointed out above, and
place a tilde over the y; ,, but in the righthand side of Eq.
A2 interchange all as and bs. In this process, note that a2 =
1-b% " in Eq. A2 before the a, b interchange, and that it is
convenient to use B2 =1-5%a"2 in Eq. A2 after the inter-
change.

The A, , functions (i =0, 1, 2) for the prolate cavity re-
quire a double integral, with each surface element d%r and
d*r’ integrated independently over L.

b'N, . =3Qmab®) [ d*r [ dFK(r,r)
. Jor

X[Zr =T T2y =] (A3)

where K (r,r')d?r’ is the differential view factor for cosine
law emission and 5’ is the surface normal evaluated at r’ on
.

The double integrals of Eq. 3 can be written in terms of
angles ¢ and ', both over 0 to 27, as well as over both the
axial symmetry axes integrations w and x from —a to a, in
the same manner as was done in Eq. 2. The angular integra-
tions can be performed exactly and after much algebra a 2-D
integral form of A; | for i=0, 1, 2 results.

b1, =30166%) " [ ax [* dwl NGO+ NOw)
x[1— allx —w|Qa? + x> + 4w + w? —10a%?
—6xwa " +8a% ) g3+ «* M, (1- ) @t - )"

x (a* _w2)~1/2[(x_ w)i+2a2(1— az)zlx ~wi(a® = x?)

-2

x(a?2—w? g3 - a*x —wlQa%™? —24% - 2xwa 2
+x2+whg '}, (Ad)
where

12
g =[x +wVa*—dxwa® +4a*(1— a?®)] .

The functions N, and M; are different for each of the coef-
ficients, i =0, 1, 2. The first A, , integral Eq. A4 with the
definitions

Ny(x) = (b/a)*(a® — x2) (AS5a)

and
My = —2(b/a)(a* — x)"(a> = w)"” (A5

can be recast in a form similar to x, , , which can be done
exactly to give Eq. la. For the second A, , and the third
A, , integrals (Eq. A4)

Nix) = —(b/a)(a® - x*)a* — xu®) " (A6a)
M, = (b/a)(a® — x) @ - wh) (@ — xa?)
+(@*—wha) ] (A6b)
Ny(x) = (a2 — x)a* — x%?) ! (A7)
and
M,=-2a" - @ w2 (@ - 2% Y
x(a? —wia?) " (A7)

The 2-D integrals A, , and A, , must be evaluated numeri-
cally and are fitted to Padé forms (Eqs. 21 and 22). Again,
the algebraic complexity of the dot products £-(#' —r) and
{+(n' —m) in Eq. A3 perpendicular to the symmetry axis [x
and w coordinates in Eq. A4l, as compared to the simpler
parallel components i+(r' —r) and i-(xp’ — ) that occur in
the corresponding Eqs. 42-44 in Fitzgerald and Strieder
(1997a), increases the difficulty of the problem. As in the
b'~Y; , discussion above, the b'~; | Egs. Ada—A7a can be
readily converted to the corresponding oblate b! ’IXL , forms,
on the lefthand side of Eq. Ada by changing the meaning of
b, placing a tilde over A; |, and completely interchanging a
and b, including a?=1-b%"2 on the right-hand side of
Egs. Ada—A7b.
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